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In [5] Michelsohn elaborates a detailed analysis of the Clifford cohomo-
logy on Kahler manifolds. For this she considers the bundle Clic(M) =
Cl1(M) @ C and a triple of parallel operators £, £ and $ defined on it and
which carry an intrinsic sl(2)-structure of Ci-(M). This, together with J,
yields a decomposition

Cle(M) = @)y g<nCIP(M).

Taking the hermitian Dirac operators » and ® associated to the Levi-
Civita connection she obtains that D2 =D = 0and ® + © = 1/2D, where
D is the corresponding Dirac operator, and D is the formal adjoint of D.
In [1] the authors define a formally holomorphic connection over those
hermitian manifolds which satisfy the third curvature condition. The ex-
presion for this connection is

1
(1) Vi = VE© = SJ(VEC)

where V¢ represents the Levi-Civita connection and X € T¢ M.
In this contribution we use the algebraic theory of the Clifford algebra
Clc(M) developed by Michelsohn and this formally holomorphic connec-

tion to obtain similar operators to © and D, ®Y and © ', defined on cer-
tain hermitian non Kahler manifolds and which satisfy similar properties,

(DY) = (®" )2 =0and such that D is the formal adjoint of D".

1. Preliminaries

An almost hermitian manifold (M?", J, (-, -)) is a real manifold of dimension 2n endowed with an almost
complex structure J and with a metric (-, -) compatible with J, thatis (JX,JY) = (X, Y);VX,Y € T M.
A hermitian manifold is an almost hermitian manifold (172", J, (-, -)) such that

(VEC )Y = (vES )Y

for any vector fields X,Y € TM and where VZ-C- denotes the Levi-Civita connection associated to the
metric (-, -).

It is a well known fact, see for example [1], that on any hermitian manifold the torsion, 7"V, of the con-
nection given by the expression (1) satisfies TV(X,Y)—TVY(JX,JY) = 0:VYX,Y € TM. Furthermore,
If the hermitian manifold M satisfies the third curvature condition, then the connection V is formally
holomorphic.

Lets {e;, Jei,...,epn, Jey} De an associated J-basis, the complexified of the vector space T'M, T M,
is generated by the elements ¢, = 1/2(e;. — iJey) and €. = 1/2(ep. + iJey) for k = 1,...,n. The
extension of the almost complex structure to V¢ in the natural way induces the decomposition
TeM = TN @ TOD A, where the vectors ¢, and €, are basis for 79 A7 and 70U As respec-
tively.

The Clifford algebra C'l(M) associated to the tangent fiber bundle is defined as the quotient 7'/, where
T =52, ®"T'M is the tensor algebra and I is the two-side ideal generated by all elements of the
formov®v+||v]| -1, v € V. So, the Clifford algebra CIM) is the unitary associative algebra equipped
with a canonical embedding TM C CI(M), and it is characterized by the universal property that any
linear map ¢ : M — A into an associative algebra, A, with unit, such that ¢(v) - ¢(v) = —||v]| - 1 for all v,
extends to a unique algebra homomorphism ¢ Cl(M) — A. It’s not difficult to prove that the Clifford
algebra Clc(M) is generated by the elements of the form eje; =¢; -... ¢ € -...-€;, where I and J
are increasing elements of the set {i,...,n} not necessarily disjoints, and which satisfy the relations
€L€j T €€ = —52']' and ep.e;. = €€, = 0.

The almost complex structure can also be extended to Cl¢ (M) by setting J(wy - ... wi) = %Zle wy -
oo J(wg) .- wg which satisty J(ejey) = (|[I] — |J|)efe; and define the decomposition
n
Clc(M)= & CPP
p=—n

where CIP = {p € Clc(M) : Jo = pp}. B
There exist three intrinsically linear maps £, £, 9 : Clc(M) — Clc (M) defined as follows:

n n
£(p)=—> e, Llp)=—> e, He)=1[£ L)
i=1 1=1
fOFgOE Cl@(M). B B
It is not difficult to prove that the operators £, £, § verify the following relations: (£, £] = 9, [, £] = 2&,
9, £] = —2£ and hence they define a representation of s[(2) on Cl¢(M).
Each of the operators £, £, $ commutes with J, therefore it is posible to define the subspaces

CIP1 = {p € Clg(M) : hp = qp and Jo = pe}

and obtain the decomposition
Cle(M) = ®p oC11

2. Complex Dirac operators

It is a well known result that any unitary connection on 7-M extends canonically to the bundle Ci¢(M)
as a derivation, i. e., such that

Vig-9)=Veo-v+¢- Vi
for all ¢, ¢ € T'(Clc(M)). Each of the operators J, £, £ and £ is parallel in this connection. In particular,
the subspaces C'P9( M) are preserved under covariant differentiation.

_QV
We introduce now two differential operators D5, D ['(Cle(M)) — T'(Cle(M)) by the formulas

1=1 1=1
n n
—SV _ I —_
%) — €; ve] +§ZES(@)€@
1=1 1=1
where €S(e)e; — 1/2(5(6@)6@ — iJS<€i>6,,;).

2.1. Clifford cohomology

If the divergence associated to the connection V coincide with the divergence as-

sociated to the Levi-Civita connection then the operators 95" and ®°" are formally adjoint.

Demostration:

At each p € M it is possible to choose local frames €1, ..., ey, €1, ..., €, such that (Veg), = (Vég), =0
for every £ € {1,....n}. For ¢, v € I'(Clc(M)) we define the complex vector U given by
(V,U) = 1/4((V — iJV) - p, 1) for any tangent vectors V', where (-,-) is the hermitian inner product
defined in Clp(M) associated to the scalar product (-, -) in the usual way and where “.” denotes the
Clifford product. Then at the point p we have

n n
) ) L.C. . .
divVU =divY +) (¢, SF)e) = Y _Elei 1),
i=1 i=1
We consider know the auxiliar operator
n

@V = €; ° Vgi
i=1
which at the point p satisfy

n
1=1
hence

and finally

n n
The operators ®V = ¢, - V¢, and DY — Y & -V, satisfy the following equalities
i=1 i=1

(DY) =

Demostration:

As above we consider at each point p € M local frames e€y,...,€p,€1,...,€, such that (Veg), =
(Veér)p, =0forevery k € {1,...,n}. For ¢, v € I'(Clc(M)) we have
n n
(@V>2 = Z €j - €L Rv(Ej,Ek) + Z €j " €k VTV(Ej,Ek) =
i<k i<k
V n n
(D )2 = ZEJ €} RV(Ej,Ek) + ZE] €} vTv(ej,ek) 0
J<k j<k
[]
Furthermore, the complexes
\Y% \Y% \Y% V
25 por-taly 25 piepay 2 powtlatly 25
—V —V —V —V

& powr-taly 2 pewpay - powtlatly 2

are elliptic. To see this let ¢ = (\je; +/{7-Jej)b c T M be areal 1-form in M, then the principal symbols

of ®V and ® " are given by o(DV,$) = £ and 0(§v,¢) = ¢ respectively, where & = 1/4(¢ — i.J¢).
Hence, for the operator ©V there are defined finite dimensional Clifford cohomology groups

SPUM) = (Ker @Y /ImDY) N T(CP9)
which are isomorphic to the groups
HPYM) = Ker(A)NT(CP9)

where A is the Laplacian A = VDY + oVD". The argument for the operator D" is the same.

3. Examples

In [2] the author proves that on the homogeneous natural reductive space M = U(3)/(U(1) x
U(1) x U(1)) there exist three different hermitian structures, J;, Jo and Js, defined in the follow-
ing way: Let g and h be the Lie algebras of U(3) and U(1) x U(1) x U(1) respectively, then we
have the reductive decomposition g = h + m, here m is identified with the tangent space of M at
a point o. Let denote by D;; the (3 x 3)-matrix consisting of a single 1 in the i-th row and j-th
column, and zeros in the rest, £;; = 1/\/§(DZ-]- — Dj;) and F; ; = i/\/ﬁ(DZ-j + Dj;). The matrices
e1 = B9, e9 = Fi9, e3 = Eq3, e4 = Fi3, e5 = E93, eg = F53 generate a basis of m. So, the almost
complex structures J;, J> and J3 are given by:

Jile1) = e, Jilez) =eq, Jiles) = eg
Joler) = e, Joles) = ey, Joles) = —eg
Ji(e1) = —ez, Js(ez) =eyq,  J3(e5) = eg
It is prove too that this manifold endowed with any of these hermitian structures satisfy de third cur-

vature condition. Furthermore, it is not difficult to see that in any of this cases the operators 95" and
Qv

D° coincide with the operators DY and ® * respectively.
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